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§0 Introduction

Text in blue is usually less important.

Example 0.1
Dice: outcomes 1,2, ..., 6.

o P(2) = %

multiple of 3) = 2 = 1.
3

P(
e P(nota multlple of 3) = %
P(

prime) = 3.

. P(prime or multiple of 3) =

P(prime or multiple of 3) =
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§1 Formal Setup

Definition 1.1 (Sample Space)

The sample space (2 is a set of outcomes.

Definition 1.2 (o-algebra)
e Let F a collection of subsets of 2 (called events).

e Fisao-alegbra if
F1. Qe F.
F2. Ac Fthen A°=Q\ Ac F.

F3. V countable collections (A,)nen € F*, the union |,y Ay € F also.

?A; does not need to be countable, only the index

Remark 1. The motivation for F2 is so that P(A¢) = 1 — P(A) (the probability of not A is
defined as expected).

Definition 1.3 (Probability Measure)
Given o-algebra F on ), function P : 7 — [0, 1]* is a probability measure if

P2. P(Q) = 1.

P3. V countable collections (A, )nen of disjoint events in F:
Pl A =D P4
neN neN

Then (€2, F,P) is a probability space.

“P1. P(A) > 0

Example 1.1

Coming back to Example 0.1. 2 = {1,2,...,6} so
P(Q) =P(lor2or3or4or5or6)=1and F is all subsets of (2.

Question



Why P : F — [0, 1]
andnotPP: Q — [0,1]7
If © is countable:
e In general: F = all subsets of (2, i.e. P(f2) (the power set).
e [P(2) is shorthand for P({2}).
e Pis determined by (P({w}), Vw € Q) (e.g. unfair dice).
If © is uncountable:

e E.g. 1 =[0,1]. Want to choose a real number, all equally likely.
o IfP({0})=a> OthenIP’({O,l L. 1}) =(n+1)afifnlargeasP > 1.

DRI I

e SoP({0}) =0, or P({0}) is undefined.
e What about P ({:p rx < %})7

- ? “Add up” all P({z}) for z < % However this range is uncountable and
we can't take a sum of uncountably many terms.

Aside

Question

Can we choose uniformly from an infinite countable set? (E.g. 2 = Nor Q =

Qnlo,1])

Answer

No it is not possible but that’s ok there 3 lots of interesting probability measures of
N!

Proof. Suppose possible

e P{0}) =a>0 VYweQ ThenP(Q) =3 coP{{w}) = X cqga = 0. £ of
P2: P(Q) = 1.

o P{0}) =0 VweQ ThenP(Q) = 3,cq Pw}) = Xbeq 0 = 0.




Proposition 1.1 (From the axioms)
o P(A°) =1—-P(A)
Proof. A, A° are disjoint. AU A° = Q.

= P(A) + P(A°) 1?3 P(Q2) 1?2 1 ]

e P(@)=0
o If AC BthenP(A) <P(B)
e P(AUB) =P(A) +P(B) —-P(ANB)

§1.1 Examples of Probability Spaces

Example 1.2 (Uniform Choice)
Q2 finite, Q = {w1,...,wy,}, F = all subsets. uniform choice (equally likely)

_ 4

P F = [0,1], P(4) = 15

In particular: P({w}) = |—1| Vwe

Example 1.3 (Choosing without replacement)

n indistinguishable marbles labelled {1,...,n}. Pick k& < n marbles uniformly at
random. Here: Q@ = {A C {1,...,n},|A| =k} |Q|= (Z)

Example 1.4 (Well-shuffled deck of cards)

Uniformly chosen permutation of 52 cards.

1 = {all permutations of 52 cards}

Q| = 52!
P( first three cards ) — 52 x 12 x 11 x 49! — E
have the same suit 591 425
12 11
Note: = — x —
0% = 51 " 50

Example 1.5 (Coincident Birthdays)
There are n people; what is the probability that at least two of them share a birthday?



Assumptions:
e No leap years! (365 days)
e All birthdays are equally likely

Let Q= {1,...,365}" and F = P(Q).
Let A = {at least two people share the same birthday} and so
A¢ = {all n birthdays are different}.

_|A°] 365 %364+ x (365 —n+1)
Q) 365"
P(A) =1 —P(A°)

P(A°)

Note that at n = 22, P(A) ~ 0.476 and at n = 23, P(4) ~ 0.507. So when there
are at least 23 people in a room, the probability that two of them share a birthday is
around 50%.

KEY IDEA: Calculating IP(A°) is easier than P(A).



§2 Combinatorial Analysis

§2.1 Subsets

Question

Let § be finite and |©2] = n. How many ways to partition ) into k disjoint subsets
Ql, PN ,Qk with |Qz| =Ny (With Ele n; = ’I?,)7

Answer

M= (n) (n—m)(n—nl—ng)“.<n—(n1+-~-+nk1))
ny no ns ng

Choose Then choose
first part second part =il

n! » (n—n7)l » [n—(n+ ~ F ng—1)]!
nil(n=—r)T  nol(n=nr=m3)! 0!ny,!
n!

nl!TIQ! 000 nk'

n
ny,ng,...,Ng

Multinomial coefficient

Key sanity check
- Does ordering of the subsets matter?

Eg. Is Qo = {3,4,7},Q3 = {1,5,8} equal to 23 = {3,4,7},Q = {1,5,8}? No,
ordering does matter as we put elements first in the second subset then the third.

§2.2 Random Walks

/N

0 \/\/ n

Q={(X0,X1,...,Xn): Xo=0,|Xpn— Xp_1| =1Vk=1,...,n}.

|©2] = 2" (we can go either up or down at each k)



1
P(X, =0) =0if nis odd
What about P(X,, = 0) when n is even

Idea - Choose 5 ks for X = Xj,_; + 1 and the rest X;, = X;_; — 1 (i.e. go up half the
time and down the other half).

Question

What happens when n is large?

§2.3 Stirling’s Formula

Notation. Let (ay,), (b,,) be two sequences. Say a,, ~ b, as n — oo if ‘;—Z —lasn — oo.

Example 2.1

n2—|—5n—|—%~n2

Example 2.2 (Non-Example)
exp <n2 +5n + %) ~ exp(n?)

Theorem 2.1 (Stirling)

1
n! ~2mn"T2e " as n — oo.

Theorem 2.2 (Weaker Version)

logn! ~ nlogn.

Proof. log(n!) =log2+ --- +logn.



“Upper Integral” “Lower Integral”

n n—+1
/ logxdr <logn! < / log x dx
1 J1

nlogn —n+1<logn! < (n+1)log(n+1) —n
—_————

~nlogn ~nlogn

Key idea: Sandwiching between lower/upper integrals. It was useful that

e logx is increasing

e logx has a nice integral!

§2.4 (Ordered) compositions

Definition 2.1 (Composition)
A composition of m with k parts is a sequence (my, . ..
withmy +--- +mg = m.

, my) of non-negative integers

Example 2.3

3+0+1+2=6#1+24+0+3=6

*okox || x|k

There is a bijection between compositions and sequences of m stars and (k — 1) dividers.
So the number of compositions is ("*1).

Comment: Easy to mistake k£ with £ — 1 in no. of dividers.

10



§3 Properties of Probability measures
Let (Q2, F,P) be a probability space and PP : ¥ — [0, 1].

Definition 3.1 (Countable additivity)
P3: P(Unen An) = > nen P(Ap) for (Ay)nen disjoint.

Question
What if the sets are not disjoint?

§3.1 Countable sub-additivity

Proposition 3.1 (Countable sub-additivity)

Let (A,)nen be a sequence of events in F. Then
P(JAn] <D PAy).
neN neN

May also be called a union bound.

Intuition:

A 4

> nenP(A4,) “double counts” some sub-events.

Proof. Idea: Rewrite |J,cyAn as a disjoint union. Define By = A; and
B,=A,\(A1U---UA,_1) Vn>2
€F(by Sheet 1)

11



Ly o

So
C UTLGN B = UnEN Ap.
o (B )nen is disjoint (by construction).

o B, C A, = P(B,) <P(A,)
Q4, Sheet 1

IP(U An) :IP’(U Bn) = Y P(Bn) <) P(Ay)

neN neN R (B o neN
O
§3.2 Continuity
Proposition 3.2 (Continuity)
vV n. Then

Let (Ay)nen be an increasing sequence of events in F, i.e. A, C A, 41
P(A,) < P(Ay+1). SoP(A,) converges as n — 00.”

In fact: lim;, o0 P(Ap) = P (Upen 4n)-

?As probabilities are bounded above by 1 and increasing.

For motivation try Q6, Sheet 1.
Proof. Let us reuse the B,,s from the previous subsection.
o U,_1 Br = A, (disjoint union).

® Unen Bn = Upen 4n

12



P(A,) = f:]P(Bk) "N TP(By) =P (U Bn> =P (U An>

k=1 k>1 neN neN

§3.3 Inclusion-Exclusion Principle

Background: P(AU B) =P(A) + P(B) — P(AN B).
Similarly: A, B,C € F

P(AUBUC)=P(A)+P(B)+P(C)-P(ANB)-P(BNC)-P(CNA)+PANBNC).

Proposition 3.3 (Inclusion-Exclusion Principle)
Let Aq,..., A, € F, then:

P <O Az) :zn:]P)(Az) — Z P(A“ N Azg) + Z ]P(Azl N Aig N Alg) e
i=1 1=1

1<iy <ia<n 1<y <ig<ig<n

+(=1)"P(A1 NN An)

= > (D (ﬂ Ai>

Note: 371 <, <iy<is<n 18 the sum of all triples that are distinct and unordered.

Proof. By induction. For n = 2 it holds (Q4e, Sheet 1).

(Y] =e((Ua)on)

13



Using n = 2 case we get:

() (G )

We want to break down the final element on the RHS

n—1 n—1
Idea: (U Ai> NAr = | (4NA4y)
i=1 i=1
If we apply IEP to |JI'-{' (4; N A,,) we need to calculate (), ; (A; N A,,)
NAn4A)= (] A, Jc{l,...,n—1}
ieJ €JU{n}

P (U Ai> = Y  (-pHtp (ﬂ Ai> +P(A,)
} Jc{1,...,n—1} i€J
J£o
n—1 case I

- 2 <—1>'J'+1P( N Ai)

JcA{1,..,n—1} ieJU{n}
J4£@

1 ]
n—1 case on (A;NAx)

JU{n}— 1.

_(_1)\J\+1 o (_1)|I\+1

= ) (-piHlp (n Ai> +P(An)
Ic{1,..,n—1} i€l
I+#o

Just changed the labels

+ > (—1)'”“1@((],42-)

Ic{1,...,n} il
nel, |1]>2

. (—1)|I|+1P<ﬂAi>.
Ic{1,...,n} i€l
140

Let us check that we have indeed counted all subsets I.

14



Ic{1,..,n—1} iel

I#0

e P(A,) accounts for {n}

Ic{1,..,n} el

nel, |I|>2

§3.4 Bonferroni Inequalities

Question

What if you truncate IEP (Inclusion-Exclusion Principle)?

Proposition 3.4 (Bonferroni Inequality)
Recall: Countable sub-additivity - P(UA;) < >~ P(A4;).

P (Lnj Ai> < ZT:(—D’““ > P(AgnN--NAy)
=1 k=1

11 <ig<-<ig
P(U Al> > Z(—l)k+1 Z IP)(A“ ﬂ'-‘ﬂAik)
=1l k=1 11 <t <--<lg

Proof. By induction on r and n. Let r be odd

i=1 JC{l,...,nfl}

1<|J]<r
I n — 1 case. I
n—1
P(U(AmAn)>z S (-1 ”“P( N A
i=1 Jc{1,...,n—1} ieJU{n}

1<|J|<r—1"
L

o > (—)li+ip (ﬂ AZ-) accounts for all subsets where n ¢ I.

if r is even

r —1caseon (A; N An)

15
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Using the same rearranging as in the proof of Inclusion-Exclusion Principle

P (U Ai> < Y (-ptp (ﬂ A,) .
1=1 T ool iel
1<|I|<r

The case of r being even is similar, simply note all three inequalities are reversed. [

*J doesn’t include n and we only want r elements in the intersection

Question
When is it good to truncate at e.g. r = 2?

§3.5 Counting with IEP

Uniform probability measure on ©, || < oco. P(A) = o v A S © Then
VA, . ..,A, CQ

n

AU UAn| =) (=DM > 40N A,

k=1 11 <<

(and similarly for Bonferroni Inequalities).

Example 3.1 (Surjections)
What is the probability that a function f : {1,...,n} — {1,...,m}, n > misa
surjection? Let Q@ = {f : {1,...,n} = {1,...,m}}and A = {f € Q : Image(f) =

{1,...,m}}.
Vie{l,...,m} define B; = {f € Q: ¢ ¢ Image(f)}.

Key observations:
. A=B{n...B,,
= (B1U---UBy)°

e |B;, N---N B, |isnice to calculate.

|Bi, N---N By, | ={f €Q:iq,..., i ¢ Image(f)]

=(m—k)"
m
IEP = |ByU -+ UBp| =Y (D" Y |B,n---NBy|
k=1 i< <ig same for all i1, ...,

16



3 (-1 (’Z) (m — k)"

—\B,-IU-.-UBik]

(-1 (’Z) (m— k)"

Example 3.2 (Derangements)

What is the probability that a permutation has no fixed points? Derangements can
be useful in a Secret Santa.

Q1 = {permuations of {1,...,n}} and the derangements, D, are {c € Q : o(i) #
i Vi=1,...,n}

Question

IsP(D) = %' large or small (e.g. when n — c0?)

Vie{l,...,n}: Ai={oc€Q:0() =1}
Key observations:

o D=A5N... A5 = (UL, 4)°.

AN
IEP—>IP’<U Al> :Z(_l)kﬂ Z P(A;, N---NA;)
=1 k=1 11 <<l
— Xn:( 1)k+1 n (n_k)'
= k n!
n
1
— -1 k+1
1;1( )
P(D)=1-P (U A2>
i=1
n _1)k+1
=1 —
_ 3 D!
k=0 k!
o ( 1)k+1
A PO => =
=e1~037



Remark 2.
e What if instead Q' = {all functions f : {1,...,n} to itself}?
D={feQ:fti)#i Vi=1,...,n}.
(n—1)"

nTL

P(D) =

e We would liked to have calculated (D) by doing ("7*1) " as we have n choices
each with probability 2=1. We will be allowed to do this soon! See Example 3.6

e f(i) is a random quantity associated to 2. We will be allowed to study f() as
a random variable soon.

e We are allowed to toss a fair coin n times, Q = {H,T'}". But we have not yet
studied tossing an unfair coin n times.

§3.6 Independence

(Q, F,P) as before.

Definition 3.2 (Indepence)
Events A, B € F are independent (A 1L B) if

P(AN B) = P(A)P(B).

l

A countable” collection of events (A4,,) are independent if V distinct iy, ..., ;" we

have:

“including finite
"k is finite

Remark 3 (Caution). “Pairwise independence” does not imply independence.

Example 3.3

18



Q={(H,H),(H,T),(T,H),(T,T)}
P({w}) = i Vwe.

A =firstcoinis H = {(H,H), (H,T)}.

B = second coinis H = {(T,H),(H,H)}.

C = both coins have the same outcome = {(7',7), (H, H)}.
1

P(4) =P(B) = P(0) = 5.

ANB=ANC=BNC={(H,H)}.

1
P(ANB)=P(ANC)=PBNC) = 1 Pairwise independence v/

P(ANBNC) = i £ P(A)P(B)P(C). Independence x

Example 3.4 (Independence)

. Q' = {all functions f : {1,...,n} to itself}
Ai=1{f e fi) =i}
n"l 1
P(di) = nt n
nn—k
P(Ail n---N Azk) =
_1
=
k
=[] P(4;)
j=1

Here: (A;) are independent events.

° 1 = {0 : permutation of {1,...,n}}
Ai={oceN:o(i)=1}
P(A;) = (”;‘1)' _ %
i£j PAinay)= =2 n!2)!
_ 1
~n(n—1)
# P(A4;)P(A4;)

Here: (A;) are not independent events.

19



§3.6.1 Properties

Claim 3.1
If A is independent of B, then A is also independent of B¢.

Proof.
P(ANB°) =P(A) —P(AN B)
= P(4) - P(A)P(B)
= P(A)[1 - P(B)]
=P(A)P(B°)
0l
Claim 3.2
A is independent of B = Qand of C' = @
Proof. P(ANQ) = P(A) =P(A)P(22) and so A 1. @ by Claim 1. O

—_
=il

§3.7 Conditional Probability

(Q, F,P) as before.
Consider B € FwithP(B) >0, Ae F

Definition 3.3 (Conditional Probability)
The conditional probability of A given Bis P(A | B) = Pg{fég?).

“The probability of A if we know B happened”. (e.g. revealing information in succes-
sion)

Example 3.5
A, B independent.

P(4| B) = S — X b

“Knowing whether B happened doesn’t affect the probability of A”.

20



§3.7.1 Properties

e P1-P(A|B)>0
e P2-P(B|B)=1=P(Q | B)
e P3-(A,) disjoint events € F:

Claim 3.3

]P’(U An|B) =) P(A, | B)

neN neN

Proof.

o (114 15) - EW.ADNB)
(}QN | ) P(B)
_ P(U, (40N B))
B(B)
5, P(4, (1 B)
~ 2.0
— S P(4, ] B)

neN

U(A,, N B) is a disjoint union

Summary: Use definition and apply P1, P2, P3 to the numerator. O

P(e | B) is a function from F — [0, 1] that satisfies the rules to be a probability measure
on (2.

Aside?

specially in finite or countable setting). Let 7/ = P(B).

Consider ' = B (e
e | B)) also satisfies rules to be a probability measure on (.

(
Then (', F',P(e | B)

P(AN B) = P(A)P(B | A) (1)
P(Al NAsN---N An) = ]P(Al)]P(AQ | Al)P(Ag | AN Ag) .. ]P(An | AinN---N Anfl)

21



Example 3.6

Uniform choice of a permutation (o(1),0(2),...,0(n)) € Xy,

Claim 3.4

P(o(k) =ix |o(1l) =4i,...,0(k—1)=4dx_1), 41,...,ik_1 distinct.

0 if iy € {’il,. 50 ,ik_l}.
7 else

_1
n—k+1

“This is an example of (Ordered) compositions

Proof.

P(o(k)=ix |oc(1) =4,...,0(k —1) =ip_1) = ( | o o(k) =iy)

T n—k+1
P(U(l):i,...,g(/{?)Zik)ZO ifZ'kE{il,...,ikfl}.

§3.7.2 Law of Total Probability and Bayes’ Formula
Definition 3.4 (Partition)
(B1,Ba,...)" € Q) is a partition of ( if:
o O =, B,

e (B,) are disjoint

*finite or countable

Theorem 3.1 (Law of Total Probability)
(By) a finite or countable partition of Q2 with B,, € FV ns.t. P(B,) > 0. Then

22



VAeF:
]P(A) = Z]P(A | Bn)]P)(Bn)'

n

Also know as “Partition Theorem”.

Proof. Note that {J,, (AN B,) = A.

=Y P(A| Bn)P(B,) by Equation (1)

n

U
Theorem 3.2 (Bayes' Formula)
Same setup as above
__ P(A| Bn)P(By)
P ) = S AT BB(B)
Letn =2: P(B| A)P(A) =P(A | B)P(B) =P(AN B)
Proof.
_ P(ANB,)
P(B, | A) = “PA)
__ P(A[B,)P(By)
X P(A ] Br)P(Bm)’
O

Example 3.7 (Lecture course)
Consider a Lecture course which has 2/3 of the lectures on weekdays and 1/3 on
weekends. Let

P(forget notes | weekday) =

N — 0o —

P(forget notes | weekend) =

What is P(weekend | forget notes)? Let B; = {weekday}, Bo = {weekend} and

23



A = {forget notes}.

)=3
By Bayes’ Formula: P(B; | A) =1 x 1/ = 2.

Example 3.8 (Disease Testing)
Suppose p are infected and (1 — p) are not. [P(tests positive | infected) = 1 — o and
P(tests positive | not infected) = 5 where o, 8 € (0, 1).

We want to work out P(infected | test positive).

By LTP: P(test positive) = p(1 — a) + (1 — p)5.

By Bayes’ Formula: P(infected | test positive) = %.

Suppose p <  then p(1 — a) < (1 — p)S so P(infected | test positive) ~ ﬁ:’;‘ﬁ) ~ 5
which is small.

Example 3.9 (Simpson’s Paradox)
Scientists ask: do jelly beans make you tongue change colour?

Oxford | Change | No change | % change
Blue 15 22 41% A =3%
Green 5 8 38%

Cambridge ‘ Change ‘ No change ‘ % change

Blue 10 3 77% A =15%
Green 23 14 62%

Total ‘ Change ‘ No change ‘ % change

Blue 25 25 50% A =—-6%
Green 28 22 56%

The conclusion from this example should be that the Cambridge methodology is
different to the Oxford one rather than anything about blue/ green jelly beans.”

Let A = {change colour}, B = {blue}, B¢ = {green}, C = {Cambridge}, C¢ =
{Oxford}.

P(A| BNC)>P(A|B°NC)
P(A | BNC°) > P(A| B¢ N CO)

24



—4 P(A|B) > P(A| BY)

"Obviously this is a frivolous example however if we changed Oxford to November 2021, Cambridge
to January 2021 and we were measuring vaccine efficacy for different vaccines we would get similar
results. And it would be reasonable to conclude that the main underlying factor was a change in
the viral landscape rather than waning efficacy.

Theorem 3.3 (Law of Total Probability for Conditional Probabilities)
Suppose C1,Cy, ... a partition of B.

P(A|B) = ZIP’A|C’ (Cy | B)

Proof.

P(AN B)
P(B)
_PAN (U, Cn))
P(B)
P (U, (ANCy))
P(B)
_ 2. P(ANGy)
N P(B)
_ 2 P(A] Cn)P(Cr)
P(B)

P(A| B) =

= R(4] C0) (B(m)c) C.CB = BNCyp=0C,

_Z]P’A|C (Cn | B)

Non Examinable

Special Case:
e Ifall P(C,) are equal then so are P(C,, | B). Note 3°,, P(C,, | B) = 1.!
o If P(A | C,,) are all equal.

1 __ PB(CnNB) _ P(Chn)
P(C, | B) = B = B(B)
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ThenP(A | B) =P(A | Cp).

Example 3.10 (Well-shuffled deck of cards)

Uniformly chosen permutation, o € Xs9, of 52 cards. {1,2,3,4} are aces. Let
A = {o(1),0(2) areaces}, B = {o(1)isanace} = {o(1) < 4}, C1 = {o(1) =
1},...,Cy={o(1) = 4}.

Note:
. P(A| C;) =P(o(2) € {1,2,3,4} | o(1) =13) i<4
3
= by Example 3.6
e P(Cy)=---=P(Cy) = 5.

SoP(A| B) = & and P(A) =P(B)P(A | B) = & x &
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8§84 Discrete Random Variables

Motivation: Roll two dice. Q = {1,...,6}% = {(i,7) : 1 < i, < 6}. If we restrict our
attention to:

o the first dice e.g. {(i,7) : i = 3}.
o the sum of the dicee.g. {(7,7) : i +j = 8}.
o the max of the dice e.g. {(7,7) :4,j < 4,iorj =4}
This is annoying and we want to move on from sets.
Goal: “Random real-valued measurements”, we want the value of the first dice to be X

and thesumtobe X + Y...

Definition 4.1 (Discrete Random Variable)

A discrete random variable X on a probability space (€2, F,P) is a function X :
Q2 — Rs.t.

o {weQ: X(w)=2z}eF

e Image(X) if finite or countable (subset of R).

e We abbreviate {w € 2 : X (w) =z} as {X = z}. So P(X = z) is valid.
e Often Image(X) = Z or Ny or {0, 1} etc. not {Heads or Tails}.

If Q2 is finite or countable and F = P(2) both blue bullet points hold automatically.

Example 4.1 (Part Il Applied Probability)

| [+ o Q;Quas N
oo 7

| 4 26

“random arrival process”. Let @ = {countable subsets (a1, ag,...) of (0,00)} and
N; = number of arrivals by time ¢t = [{a; : a; < t}| € Ny is a discrete RV (random
variable) for each time ¢.

Definition 4.2 (Probability Mass Function)

The probability mass function of discrete RV X is the function px : R — [0,1]
givenby px(z) =P(X =z) VzeR
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Note.
o if x ¢ Image(X) thenpx(z) =P{w € Q: X(w) =z}) =P(2) =0.

° Z px(x) = Z IP’(I{WEQ:X(w):x}I)
z€Im(X) z€lm(X) disjoint
:]P( U {wGQ:X(w):m})
z€lm(X)
=P(Q)
=1

Example 4.2 (Indicator function)
For event A € F, define 14 : 2 — R by

1 ifwed
1A(W)={

0 else

14 is a discrete RV with Image = {0,1}. p1,(1) = P(14 = 1) = P(A), p1,(0) =
P(14 =0)=P(A°) and p1,(z) =0 Vaz¢{0,1}.

This encodes “did A happen” as a real number.

Remark 4. Given a pmf px (probability mass function), we can always construct a prob-
ability space (€2, F,IP) and a RV defined on it with this pmf.

e O =Im(X)ie {ze€R:px(x) >0}
o F=P(Q)
e P({z}) = px(x) and extend to all A € F

§4.1 Discrete Probability Distributions

§4.1.1 Finite Q

Definition 4.3 (Bernoulli Distribution - “(biased) coin toss")
If X ~ Bern(p) where p € [0, 1] then Im(X) = {0,1}, px(1) = P(X = 1) = pand
px(0)=1—p.
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Example 4.3
14 ~ Bern(p) with p = P(A).

Definition 4.4 (Binomial Distribution)
If X ~ Bin(n,p) wheren € Z* and p € [0,1] then Im(X) = {0,1,...,n}, px(k) =
P(X =k) = ("1 —p)" " h_opx(k) = (p+ (1 -p))" =1

The binomial distribution can be used to model the number of heads when a coin is
tossed n times.

§4.1.2 More than one RV

Motivation: Roll a dice with outcome X € {1,2,...,6}. Events: A = {lor2}, B =
{lor2or3},C ={lor3or5}. 14 ~ Bern (%), 1g ~ Bern (%), 1c ~ Bern (%)

Note: 14 < 1p for all outcomes

but 14 < 1¢ for all outcomes is false.

Definition 4.5 (Independent RVs)
Let X1,..., X, be discrete RVs. We say X1, ..., X,, are independent if:

PXi=z1,...,.Xn=a,) =P(X1 =21)...P(Xp,=2,) Vz1,...,20, €R.

(suffices to check V z; € Im(Xj;))

Example 4.4

Xi,..., X, independent RVs each with the Bernoulli(p) distribution. Study S,, =
X1+ -+ X,. Then

PSp=k)= > PXi=21,....,X=2a,)

T1+FTn=k
xrgE{O,l}

= Y PXi=wz1)...P(Xp =)
T1+ - FTn=k

= Z pHEzi=1t (1 — p)Hiei=0}]

= >  pa-pt

29



So S,, ~ Bin(n, p).

Example 4.5 (Non-example)

(6(1),0(2),...,0(n)) a uniform permutation.

Claim 4.1
o(1) and o(2) are not independent.

Suffices to find 1,42 s.t. P(o(1
P(o(1) = 1,0(2) = 1) = 0 # F(

) = i1,0(2) = ig) # Po(1) = i)P(0(2) = 42). Eg.
0() DP(o(2) =1)

=1/nx1/n

Consequence of definition

Let Xi,...,X, be independent. Then P(X; € A;,...,X, € A4, = P(X ¢
Ay ... P(X, €A, YAi,..., A, CRcountable.

§4.1.3 Q2 =N - “Ways of choosing a random integer”

Definition 4.6 (Geometric Distribution (“Waiting for success”))

If X ~ Geo(p) wherep € (0,1). Im(X) ={1,2,...},

px (k) = P((k-1) failures, then success on the kth trial) = (1 — p)*~'p. Check:
d>1(1 —p)ilp = P i>o(l — ) = - (1 ) = L.

Alternatively: “Count how many failures before a success”

Im(Y) = {0,1,2,...}, py(k) = P(k failures, then success on the (k+1)th trial).

The geometric distribution can be used to model the number of coin tosses until we get
a head.

Definition 4.7 (Poisson Distribution)
If X ~ Po(\) (or Poi(A)) with A € (0,00). Im(X) = {0,1,2,...} and P(X = k) =
e NF/E! YV k> 0. Check: Yo P(X = k) = ¢ Ypso o) = e

Motivation: Consider X,, ~ Bin(n, %)
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Example 4.6 (“Arrival proccess”)

Split time interval [0, \] into » small intervals.
e Probability of an arrival in each interval is p, independently across intervals.

e Total no. of arrivals is X,.

Fix k and let n — oo

—Lx Akx(l )\)nx<1 1>_k
~ nk(n—k)! n n

k!
—l 1 1 1 1
non

—e A —1
n! nn—1)...(n—k+1)
nk(n — k)! s

1 2 k-1
:1><<1—>><<1—)><-~-><<1— >

n n n
— 1 There are a fixed number of terms all converging to 1

eY

n—o0 k!

P(X, = k)

We might want to say Bin(n, %) converges to Po()), but what does convergence of
random variables mean?

§4.2 Expectation
(2, F,P) and X a discrete RV. For now: X only takes non-negative values. “X > 0”

Definition 4.8 (Expectation)
The expectation of X (or expected value or mean)

z€lm(X)

=) X(w)P({w})

weN
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“Average of values taken by X, weighted by px”.

Example 4.7 (Uniform Dice)
X uniformon {1,2,...,6}

1 1
E[X]:7.1_|_6.2+..._|_6.6

Note. E[X] need not be in Im(X).

Example 4.8 (Binomial Distribution)
Let X ~ Binomial(n, p)

E[X] = Zn: KP(X = k)
k=0

= En: k(Z)ﬂ“(l —p)k
k=0

- n\ k x n!
Trick: k(k:) = xR
n!
(k= 1)!(n—k)!

pl(1 —p)b-

pmf of Bin(n—1,p)
=np(p+ (1 —p))""!

Note. We would like to say:

E[Bin(n,p)] = E[Bern(p)] + - - - + E[Bern(p)]
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We will be able to do this soon.

Example 4.9 (Poisson Distribution)
Let X ~ Poisson(\)

E[X] =) kP(X =k)

k>0
= Z k o e_)‘)];]:

k>0 :

k

= (k—1)!
= Z e A mf of Poisson(\)
- k—1y F

k>1

=\

Note. We would like to say
. . A
E[Poisson(A)] ~ E {Bm (n, )] =
n

It is not true in general that P(X,, = k) x P(X = k) = E[X,| ~ E[X]

Not important

If X can take on any real value (not necessarily X > 0)

x€lm(X)

unless: A, Z zP(X = z) = +o0 and B, Z zP(X =z) = —o0.

>0 <0
x€lm(X) z€Im(X)

Then we say E[X] is not defined. Do we really want to study oo + :

Summary:
e A and B, E[X] is not defined.
e AbutnotB, E[X] = +c0.?

*Some people say not defined instead of letting E[X] = +o00
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e Bbutnot A, E[X] = —oc.

e neither A nor B, X is then integrable i.e. E[X] absolutely converges.

Example 4.10
Most examples in the course are integrable except:

e P(X =n) =251 forn > 1. Note that > P(X =n) = 1.
ThenE[X] =3 51 = +o0.

o P(X =n)= %# forn € Z\ {0}. Then E[X] is not defined. “It’s symmetric so

E[X] = 07, we have decided that this is wrong to prevent many things going
wrong in second and third year courses in probability.

1
n

Example 4.11 (Indicator Function)
E[14] = P(A).

§4.2.1 Properties of Expectation

Proposition 4.1
If X >0, then E[X] > 0 with equality iff P(X =0) = 1.

Proof. E[X]= Y  aP(X =2) O
z€Im(X)
x#0

Proposition 4.2 (Linearity of expectation)

Given random variables X, Y (both integrable) on same probability space V A, i €
R

EAX + uY] = AE[X] + pE[Y]
Similarly E[M X1, + - + A\ Xn] = ME[Xq] + - + ME[X,)

“holds for countably infinite collection though proof is omitted until more analysis experience.

Note. Independence is NOT a condition.
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Proof. If Q2 is countable:

EAX + pY] = Z zP(A =2z) awkward
nY)

=Y (AX(w) + pY (w)P({w})

weN

=AY XWP{w}) +p ) Y(w)P{w})

weN weN
— AE[X] + pE[Y].

Aside - Special Cases

1. If A\,c € R then:
a) E[X +¢ =E[X]+c¢
b) EMNX] = AE[X]

2. a) X,Y random variables (both integrable) on same probability space. E[X +
Y] =E[X]+E[Y].

b) in fact A, u € R E]AX + pY] = AE[X] + pE[Y] (similarly E[A;, X1, + - +

Corollary 4.1
X >Y"then E[X] > E[Y].

X(w)>Y(w) YVwe

Proof.

X=(X-Y)+Y
E[X]=E[X — Y]+ E[Y]
X—-Y >0 = E[X-Y]>0 byProposition 4.1.

Example 4.12 (Counting Problems)
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(6(1),...,0(n)) uniform on ¥,,. Z = |{i : 0(i) = i}| = number of fixed points. Let
A; = {o(i) = i}, recall from Example 3.4 A;s not independent.

Key step:

A
E[Z] =E[la, +---+14,]
=E[14,]+---+E[la,] Dby Linearity of expectation
P(A;1) +---+P(A,) byExample4.11

Note. Same answer as Bin(n, 1)

Proposition 4.3
If X takes valuesin {0,1,2,...} then

EX]=) P(X >k)
E>1

Proof. One can carefully re-arrange the summands which is left as an exercise to the
reader. O

Alternative. Write X = >+ 1x>;" then take E[X]:

E[X] = E [} 1xs]
= El[lx>4]
=Y P(X > k)

”Sanity check: letX = 7, 1)(21 == 1X27 = 1WhﬂSt 1X28 = 1xz9 =...=0.

Claim 4.2 (Markov's Inequality)
Let X > 0 be a random variable. ThenV a > 0:

E[X]

P(X >a) <

The LHS is interesting, e.g. if we want to bound the probability of an extreme out-
come, whilst the RHS is easy to study:.
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Note. Is a = @ useful? No, we already know probabilities are less than 2.
If a is large it might be useful

Proof. Observe X > alx>," and take E

E[X] > CLE[lXZa]

=aP(X > a)

“Check: If X € [0, a) then RHS = 0 else RHS = a.

Note. Markov’s Inequality is also true for continuous RVs.

§4.2.1 Studying E[f(X)]
Let f : R — R be a function. Then f(X) is also a random variable’.

Claim 4.3
Ef(X)]= ) f@PX=a)

z€Im(X)

“if it exists

Proof. Let A =Im(f(z)) = {f(x) : € Im(X)}. Starting with RHS

Y. f@PX=2)=) > [f@)PX=xz)

z€Im(X) y€A zelm(X)
f(@)=y

:Zy Z P(X =z)

yeA zelm(X)
f(@)=y

=) yP(f(X)=y) by additivity

yeA

= E[f(X)]

’X:Q—Rso f(X): Q=R
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§4.3 Variance

Motivation

Uy, ~ Uniform({—n,—n+1,...,n})
Vi, ~ Uniform({—n,n})
Zn =0

Sy = random walk for n steps

~n —2Bin (n, 1>
2

Variance is a way to “measure how concentrated a RV is around its mean”.

All of these have E = 0.

Definition 4.9

The variance of X is:

Var(X) = E (X - E[X))?|

Proposition 4.4
Var(X) > 0 with equality += P(X = E[X]) = 1 (as (X — E[X])? so by Proposi-
tion 4.1).

Definition 4.10 (Alternative characterisation)

Var(X) =E [XQ] —(E[X])? (>0)

Proof. Write pn = E[X]

Var(X) =E (X — p)?]
= E[X? - 24X + s?]

= E[X?] — 2uE[X] 44>
I
= E[X?] — 12
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Proposition 4.5 (Properties)
IfAceR

e Var(AX) = A\? Var(X).
e Var(X + ¢) = Var(X)

Proof.
EX+c=p+c
Var(X +¢)=E [(X +c—(p+ 0)2”
=E|(X - p)’]
= Var(X).

Example 4.13 (Poisson Distribution)
Let X ~ Poisson(\)

Var(X) = E[X?] — A2

“Falling factorial trick”: sometimes easier to calculate E[X (X — 1)] than E[X?]

YL
EX(X-1D]=) k(k—1)e AH

k>2 1
function PN

- /\267)\ Z )\k—l
o (k—2)!

—_ 1
e

— )2
E[X?] =E[X(X —1)] + E[X]
=22+
Var(X) = A

Example 4.14 (Geometric Distribution)
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Let Y ~ Geom(p) where Y € N.

Proof left as an exercise.

Note. \large: Var(xz) = E[X], more concentrated
psmall: Var(Y) ~ & = (E[X])".

Example 4.15 (Bernouli Distribution)
Let X ~ Bern(p).

EX]=1xp=p
E[X?=12xp=0p
Var(X) = p —p’

=p(1-p)
Example 4.16 (Binomial Distribution)
Let X ~ Bin(n,p)
E[X] =np
E [Xz] = ugly

§4.3.1 Sums of RVs

Goal: Study Var(X; + --- + X,,). Do the X;s need to be independent.
Proposition 4.6 (Preliminary: Expectation of Product of RVs)

If X, Y are independent RVs and f, g are functions R — R.
Then: E[f(X)g(Y)] = E[f(X)]E[g(Y)] “Splits as a product” .

Example 4.17
E[XY] =E[X]E[Y]
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Example 4.18
Let f(z) = g(x) = 2% (or e'®).

Proof. (X,Y discrete)

LHS = f(2)g@)P(X =2,Y =y)

z,y€lm
= ). f@)g@)PX =2)P(Y =y)
z,y€lm
= | Y fl@)P(X = x)] [Z g(@)P(Y =y)
r€lm y€lm

= E[f(X)E[g(Y)]

Proposition 4.7 (Sums of independent RVs)
Let Xi,..., X, be independent. Then

Var(X; +--- + X,,) = Var(X;y) + - - - + Var(X,,)

Proof. (Suffices to Prove (STP) n = 2). Say E[X]| = u, E[Y] =v

Var(X +Y) =E[(X +Y - p—v)’]
=E[(X — )| +E[(¥ — )] + 2E[(X — w)(¥ —»)].

= Var(X) + Var(Y) + 2E[X — p|E[Y — v]
= Var(X) 4 Var(Y).

Example 4.19 (Binomial)
Going back to Binomial Distribution, Var(Bin(n,p)) = np(1 — p).

Goal: Study Var(X + Y') when X, Y not independent.

Definition 4.11 (Covariance)
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Let X, Y be two RVs. Their covariance is
Cov(X,Y) =E[(X - E[X])(Y —E[Y])]

“Measures how dependent X, Y are and in which direction” (X large = Y larger
if Cov > 0 else Y smaller).

Proposition 4.8 (Properties)

Cov(X,Y) = Cov(Y, X)
Cov(X, X) = Var(X)

Definition 4.12 (Alternative Characterisation)

Cov(X,Y) = E[XY] — E[X|E[Y]

Proof.

Cov(X,¥) = E[(X - p)(¥ — v)]
=E[XY] - u@—u@—l—uy
v Iz
=E[XY]— pv.

Proposition 4.9 (More Properties)

Let A\ e R
Cov(A, X) =0
Cov(X + )\, Y) =Cov(X,Y)
Cov(AX,Y) =ACov(X,Y)
Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)

Covariance is linear in each argument ie. Cov(} N\ X;,Y) = > A\ Cov(X;,Y) and
Cov(XoNiXs, 32 p3Y5) = iy 22551 Aipy Cov (X5, Y).

Proposition 4.10 (Sums of RVs)
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Var (zn: XZ-> — Cov < ; XiX)

i=1 =1 =1

=Y Var(X;) + »_ Cov(X;, X;)*
i=1 i#j

“or 2 ZK]. Cov(X;, X;)

Proposition 4.11
X,Y independent = Cov(X,Y’) = 0, the converse is false.

Example 4.20
LetY = —X, Var(Y) = Var(X). So Var(X + Y) = Var(0) = 0 # Var(X) + Var(Y).

Example 4.21 (Uniform Permutation)
Let (o(1),...,0(n)) be uniformly chosen on %,. Let A; = {o(i) = i} and
N =14, +---+ 14, (N is the number of fixed points).

1 1
Var(la,) = - (1 — )
Cov(1a,, 1Aj) = E[lAilAj] —E[14,]E 1Aj]

11

S nn—1) n n
1

_nQ(n—1)>0

Note: Cov doesn’t depend on 4, j

Var(N) =Y Var(la,) + > _ Cov(la,,14;)
i=1 i#j
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Compare with Bin (n, %) E=1Var=nx i ( - %) =1-1

§4.3.2 Chebyshev’s Inequality
Proposition 4.12 (Chebyshev's Inequality)
Let X be a RV, E[X] = p finite, Var(X) = 02 < cc.

Var(X)
22

P(X —pul 2 A) <

Remember the proof, not the statement.

Proof. 1dea: Apply Markov’s Inequality to (X — ).

P((X-p?>x?)< w
_ Var(X)
="

O

Danger: Applying Markov’s Inequality to |X — p|, E[|X — p|] is less nice than
E[(X - p)?.

Comments

e Chebyshev’s Inequality gives better bounds than Markov’s Inequality (decays
with A? instead of \).

e We can apply it to all RVs, not just those > 0.

e Caveat: We need Var(X) < oo which is a stronger condition than E[X] < cc.

Definition 4.13 (Standard Deviation)
Var(X) is the standard deviation, o, of X.

It has the same “units” as X but not many nice properties so Var is generally preferred.

We can rewrite Chebyshev as P(|X — u| > ko) < 1/k?
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§4.4 Conditional Expectation

Setting: (2, F,P).
Recall the definition of Conditional Probability.

Definition 4.14 (Conditional Expectation)
B € F with P(B) > 0, X a RV. The conditional expectation is

E[X15]

EIX | Bl = g

Example 4.22 (Uniform Dice)
Let X be a dice, uniformon {1,...,6}.

[0+2+3+0+5+0]

1
E[X | X prime] = ¢ T
2
1
=2(2+3+5)
0

3

= W

Definition 4.15 (Alternative Characterisation)
EX |Bl= ) aP(X=z]|B).

rz€lm X
Proof.
_ — 2P{X ==z} N B)
RHS =" B(B)
70 P(B)
rz€lm X
Note: E[X1p] = Z 2P(X1p =x)

xglﬁ)X

Proposition 4.13 (Law of Total Expectation)
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Let (B, By, . .. ) be a finite or countably-infinite partition of Q with B, € ¥ V ns.t.
P(B,) > 0. X aRV.

]E[X] = ZE[X | Bn]P(Bn)'

Example 4.23
Let X = 14 we recover the Law of Total Probability.
Proof.

RHS =) E[X1g,]

=E[X-(1p, +---+1pB,)] Dby Linearity of expectation
=E[X -1]
= E[X].

O

Application: Two stage randomness where (B,,) describes what happens in stage 1.

Example 4.24 (Sums of random number of terms)

Let (X,)n>1 belID and N € {0,1,2,...} be a random index independent of (X,,).
Sp=X1+ -+ X, with E[X,,] = p so E[S,,] = nu. Then

E[Sy] = Y E[Sy | N = n]P(N =n)
n>0
= E[S,JP(N =n)"
= Z nuP(N =n)

n>0
= uE[N].

"KEY STEP E[Snx | N = n] = E[S, | N = n] = E[S,] last step follows as S, and {N = n} are
independent.
§4.5 Random Walks

Definition 4.16 (Random Walk)

Let (X,,)n>1 be IID RVs then S,, = 29 + X1 + - - - + X,,. (S0, 51,52, ... ) is a random
process called a Random Walk started from x.
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§4.5.1 Simple Random Walk (SRW) on Z - Main example in our course

Definition 4.17 (Simple Random Walk)
A simple random walk has P(X; = +1) =pand P(X = —-1)=¢=1—p. 0 € Z
and is often 0.

It is “symmetric” in the special case where p = ¢ = 1.

Example 4.25
P(S2 = x0) = pq + qp = 2pq

Useful interpretation: A gamble repeatedly plays a game where he wins £1 with P = p,
loses £1 with P = q.
Often: stops at £0.

Question
Suppose the gambler starts with £z at time 0. What is the probability he reaches
£La before £0. (0 < x < a)

4N

STOP!

Notation. P,(-) = P(- | zg = x) “measure of RW started from z.”

Answer
Key idea: Conditional on S; = z, (S, S2, ... ) is a random walk started from z.
Apply Law of Total Probability

Interpret this.
P,.(S hits a before 0) = Z . IIP’JC(S hits a before 0 | S; = z)IIP’x(Sl = z)
= Z P, (S hits a before 0)P,(S; = 2)
z

let h, = P, (S hits a before 0).
Si=xx1
iy = phx—H i qhx—l-
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Important to specify boundary conditions: hg =0, hq = 1

Solving Linear Recurrence Equations
phzt1 — hy + ghy—1 = 0 is a homogenous equation whose solutions form a vector
space. We want to find two LI solutions and we guess h, = A* So

p)\:v—i—l )\ +q)\:v—1 =0
P2 —A+qg=0

A=112
b
Caseq #p
MZA+B<%
b
Use BCs to find A,B:
r=0:hg=0=A+B
x:a:ha:1:A+B<q)
b
a\" _
hx:(p) 1
a\*" _ 1’
() -1
Casep:q:%:
Note h, =z, “x is the average of z + 1 and = — 1”.

General solution: h, = A + Bx

ho=0= A
h, =1= Ba
he = —

a

“Subscript: z € Im(S1) but we will not bother with that any more

Probability sanity check: p = ¢ = 5. “Fair game”
Study: Expected profit if you start from £z and play until time 7.

Em[ST] = an(ST = a) + 0 x Pw(ST = 0)

=ah, ==

Fits our intuition for fair games. v’
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Question
Suppose the gambler starts with £z at time 0. What is the expected absorption time,
T =min{n >0:S5, =0or S, = a}. “first time S hits {0,a}"”

Answer

Apply Law of Total Expectation
We want E, [T] (E[T] when we start from z) which we label as 7,

T = Eg[T]
Interpret this.
= pE[T | S1 =2+ 1]7 + qEu[T | $1 = 2 — 1]
= pEy1[T + 1] + gEx—1 [T — 1]
=p(1 + Eoqa[T]) + (1 + Bz [T7])
=14 pret1 +q7a-1

Boundary conditions: 7p = 7, = 0 “We're already there” .

We already solved the homogenous case of this equation previously. We want to
tind a particular solution, guess: “one level more complicated than general solution”

p # q: Guess: T, = ﬁ works as a particular solution

p =q = %: Guess 7, = Ca? might work

Subil’l:%<$+1)2—C$2+§(x—1)2:—1
C=-1
7. = A+ Bz — 2°
T9=T4=0and 7, >0

ST = x(a—x)

"“As if we started from (z + 1) and incremented time by one unit.”

§4.5.2 Unbounded RW: “Gambler’s Ruin’

P, (hit0) = Jim P, (hit 0 before a)
= lim 1— h,
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_JG)T p>a
1 P=q
1
When p = 5 E,[time to hit 0] > E,[time to hit 0 or ]
=x(a—1x) > oc0casa — oo

Key conclusion: T}, (time to hit 0 from z) is for p = % finite with probability 1 and has
infinite expectation.

Comment (non - examinable)

Alternative derivation of E[T}] = occ.
E[T5] = 2E[T}] as going from 2 — 1 is the same as going from 1 — 0.

E[T)] = % <14 % (1+E[Ty))
=1+ E[T1]

We conclude that E[T}] = cc.
insertpicture

§4.6 Generating Functions

Definition 4.18 (Probability Generating Function)

Let X be a RV taking values in {0, 1,2, ... }. The probability generating function
of X is

Gx(z) =E [z¥] = 3" 2 P(X = k).
k>0

Analytic comment: Gx : (—1,1) — R.
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Idea: “A pgf encodes the distribution of X as a function with nice analytic properties.”

Example 4.26 (Bernoulli)
Let X ~ Bern(p)

PP(X =0) + 2P(X =1)
=(1-p)+pz

G)((Z)

Example 4.27 (Poisson)
Let X ~ Poi(\)

= k!
k
_ A Z (A2)
— e
= k!
_ ef)\e)\z
e)\(zfl)
Note. Gx(0) = 0°P(X =0) = P(X = 0).
Proposition 4.14 (Recovering PMF from PGF)
P(X = n) = G (0)
Proof. Idea: Differentiate n times
" Gx(z) . (ZFP(X = k)
dz 50 dz
K
> 2T"P(X = k)
o (k—n)!
k! k—n
=> ZPTP(X = k)
= (k—mn)!
!
s U J;”)‘ B(X = +n)
>0
dTL
—Gx(0) =nlP(X =
7Gx (0) =nlP(X =n)
O

51



Key fact: PGF determines PMF/distribution exactly.

Note. Gx(1)* = Y150 P(X =k) = 1.

Proposition 4.15 (Recoving other probablistic qunatities)
G =EX(X-1)...(X —n+1)]

Falling Factorial.

Proof.

W) = S k(k=1)...(k—n+)P(X =k)

k>n .

function of k

—EX(X-1)...(X —n+1)]

O
Proposition 4.16 (Variance in terms of pgf)
Var(X) = G (1) + Gx (1) - [Gx (1]
Proof.
E | X?] = E[X(X - 1)] + E[X]
= Gx(1) +Gx(1)
O

Idea: Find general E[P(X)] (P(X) is a polynomial) using E|falling factorials of X].

Linear Algebra aside

The falling factorials 1, X, X (X — 1),... form a basis for R[X| (vector space of polyno-
mials).

Proposition 4.17 (PGF for sum of independent RVs)

*Technical Comment: G x (1) means lim.11 G x (2) if the domain is (—1, 1). In particular G’ (1) is possible
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Let X, ..., X,, beindependent RVs with pgfs Gx,,...,Gx,. Let X = X;+-- -+ X,,.
Gx(z) = GXl(Z) .. -GXH(Z)

Special case: X; are IID, Gx(z) = (Gx, (z))". Much nicer than PMF of X!

Proof.

= X1 X2 K
| M|
function function
of X1 of X,

= [ZX 1} ...E [ZX"} as X; are independent so by Proposition 4.6
= GXl(Z) PN GXn(Z)-

Example 4.28 (Binomial)
Let X ~ Bin(n,p)

X=X1+ -+X, X;ID Bern(p)
Gx(z)=(1—p+p2)"

Example 4.29 (Q6, Sheet 3)
Let X ~ Poi(\) and Y ~ Poi(u).

Gx(z) = etV Gy(z) = e*7Y
Study Z=X +Y
Gz(z) = Gx(2)Gy(z)
_ A1) gu(z-1)
At (z—1)

| — |
PGF of Poi(\ + 1)

So X +Y ~ Poi(A+ p).
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Proposition 4.18 (PGF for random sums)

Let X1,X5,... be IID with the same distribution as X. X takes values in
{0,1,2,...,} and let N be a RV taking values in {0, 1,2, ... } independent of (X,,).

Gxi+-+xy = GN(Gx (7))
Proof.
E [zXl‘*'"'XN} = Z E [zX1 XN | N = n} P(N =n) by Law of Total Expectation
= Z E [X1++Xn | N = n} P(N =n) Replace with conditioning

=) E »zX1+'“+X"] P(N =n) (N,X;)independent so get rid of conditioning

E >zX1} ...E {ZX"} P(N =n) (X;)sindependent

Example 4.30 (Bernoulli - Q7, Sheet 3)
Let X; ~ Bern(p) and N ~ Poi(\).

Interpretation: “Poisson thinning”
“Poi(\) misprints, each gets found with P =1 — p”
Y=Xi+ -+ Xy

Gy(z) = Gn(Gx,(2))
— 6)\(1—?+pz—1)

_ e)\p(zfl)

| I— |
PGF of Poi(Ap)

In general the PMF X; + - - - + Xy is horrible whilst Gy (G x(z)) is nice.
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§4.7 Branching Process

“Modelling growth of a population”

Definition 4.19 (Random branching tree)

Let X be a RV on {0,1,2,...}. There is one individual at generation 0 and each
individual has a random number of children with distribution X.

Goal:
e Study number of individuals in each generation
e Total population size - is it finite or infinite?

"root"
[ ]

Reduction: Let Z,, = be the number of individuals in generationn. Zy = 1, Z; ~ X,
Tni1 = XM 44 X(ZZ) where X" are IID with distribution X and independent of

Zn. "X ,in) = number of children of kth individual in generation n.”

Note. Ion:() — Zn+1:Zn+2:"':0.

Theorem 4.1
E[Z,] = (E[X])"

Proof. Zy+1 is a random sum so E[Z,, ;1] = E[X]E[Z,]. By induction the result fol-
lows. O

Notation. ¢ = E[X]| = E[Z,] = u™.

Notation. Let G be the PGF of X and G,, the PGF of Z,,.
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Theorem 4.2
Gn(2) =G(...G(z)...)"

"Sometimes written as G"(z), but this is confusing notation so we won't use it

Proof. Gp+1(2) = Gn(G(2)) by PGF for random sums and so result follows by in-
duction. O]

Question

What is the probability the population has goes extinct?

Definition 4.20 (Extinction Probability by generation n)
The probability that the population is extinct by generation n is g, = P(Z,, = 0).

Definition 4.21 (Extinction Probability)

The probability that the population goes extinct is ¢ = P(Z,, = 0 for any n > 1), i.e.
the population size is finite.

Note. {Z,, =0} C{Z,,y1 =0}as Z,, =0 = Z,41 =0. Also{Z, =0foranyn > 1} =
Unzl{Zn - 0}'

Theorem 4.3
P(Zn, =0) t P(Up>1{Zn = 0})", ie. gn T gasn — .

4 is convergence with an increasing sequence.

Proof. By Continuity. O

There are 3 cases to consider
e ;1 < 1-subcritical
e ;1 =1 - critical
e /1 > 1-supercritical

The degenerate case P(X = 1) = 1 is boring so we exclude it.
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Theorem 4.4
=1 <= pu=EX] <17

“This does not hold in the degenerate case obviously.

Remark 5. Interesting that ¢ depends on X only through E[X].

Interpretation: Consider a pandemic spreading through a population, obviously it can-
not infect infinite people. Instead we take “finite” to mean e.g. 100 people are infected
out of a large population and “infinite” might mean the model stops making sense/ a
significant positive proportion are infected.

Baby Proof - (Subcritical).
E|Z,
P(Z,>1) < [1 } by Markov’s Inequality
=pu" — 0.
For supercritical case, note E[Z,,] — oo does not imply P(Z,, = 0) 4 1. O

Recall G is the PGF of X and G,, the PGF of Z,,, ¢, = P(Z,, = 0) = G,,(0) and that ¢ is
the extinction probability.

Claim 4.4
G(q) = q

Proof 1. gn+1 = G(gn) by Theorem 4.2, ¢, — ¢ and G is continuous as it’s a power
series so G(q,) — G(q) so ¢ = G(q) as n — oo. O

Proof 2 - LTP (revision of random sums). Conditional on Z; = k, we get k independ-
ent branching processes.

The total population is finite <= all subtrees” of 1% generation are finite.

q = P(finite)
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= > P(allfinite | Z; = k)P(Zy = k)

k>0
= Z P(finite)|*P(Z, = k)
k>0
— Z ¢"P(Z, =
= G(q).
Facts about G
e G(O)=P(X=0)>0
o G(1) =

o G'(1) = E[X] = p.

e G is smooth, all derivatives > 0 on [0, 1) as all coefficients of the power series

are non-negative.

|
[
[
[
[
[
[
[
[
[
[
|
1

q

The 1% graph has gradient < 1 so only one solution at ¢ = 1.
In the 2™ graph, the gradient is > 1 so there is only one solution on [0, 1) by IVT on
G(z) — = O

“Each subtree has the same distribution as the original tree.

Theorem 4.5
g, the extinction probability, is the minimal solution to z = G(z) in [0, 1].”

"Assuming P(X = 1) # 1.

Corollary 4.2
g=1 <<= pu<1
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Proof. Let t be the minimal solution to ¢ = G(t). Reminder: G is increasing.

t>0
— G(t) > G(0)
= G(G(t)) = G(G(0))
— G(...G(t)...) > G(...G(0)...)
t> qn

t>q asn — oo.

q is a solution by Claim 4.4 and is bounded above by the minimal solution so ¢ =
q. Ul
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§5 Continuous Probability

We will focus on the case where Im(X) is an interval in R.
Why?

e Natural for measuring physical quantities, proportions ...
e “Limits” of discrete RV.

e Calculus tools for nice calculations.

Definition 5.1 (Random Variable - Redefintion)
A random variable X on (2, F,P) is a function X : @ — Rs.t. {X <z} € F.

This is consistent with the previous definition when (2 is countable (or Im(X) is count-
able).

Drawback: We cannot take 7 = P(R).

Definition 5.2 (Cumulative Distribution Function)
The cdf of RV X is

Fx :R— [0,1]
Fx(z) =P(X < x).

Example 5.1 (A 6-sided dice)

insertpicture

§5.1 Properties of CDF

Claim 5.1
Fy increasingie. x <y = Fx(z) < Fy(y).

Proof. Fx(z) =P(X <z) <P(X <vy) = Fx(y). O

Claim 5.2
P(X >z)=1- Fx(z)
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Claim 5.3
IP’(a < X< b) = Fx(b) —Fx(a)

Proof (Not Lectured).

Pla< X <b)=P({a<X}N{X <b})
=P(X <b)-P{X <b}n{X <a})
=P(X <b) - P(X < a)

Claim 5.4

Fx is right-continuous and the left limit exists, i.e. lim,, Fx(y) = Fx(z) and
limmi Fx(y) = Fx(l'—) = P(X < !l?)

Proof - Right Continuous. STP Fx (x I %) — Fx(z)asn — 0.
Let A, = {x < X <z + 1}. Then (4,) are decreasing events and ,, A, = @.
So P(Ay) = Fx (z+ 1) - Fx(v) and P(4,) - P(2) = 0. O

Proof - Left Limits. Fx (:n — %) is an increasing sequence bounded above by Fx (z).

Consider B,, = {X <z-— %} then (B,,) increasing and |J,, B, = {X < z}. So
Fx (z-1) =P(B,) » P(X <2). 0

Claim 5.5

Proof. Let A, = X <mn, so (A,) are increasing events and U, A,, = Q. So Fx(n) =
P(X < n) — P(Q2) = 1 by Continuity.

Similar for lim,_,_ o, F'x = 0. O

§5.2 Continuous RVs

Definition 5.3 (Continuous RV)

A RV is continuous if F' is continuous.
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Claim 5.6
If X is a continuous RV then P(X =z) =0 V.

Proof.

O]

Note. In this course we assume that F' is also differentiable so that Fix (z) = P(X < z) =

I [x(u) du.
Definition 5.4 (Probability Density Function)
The pdf of RV X is fx : R — R with properties

fx(x)>0 Vzx
/oo fx(z)dz =1.

Intuitive meaning

z+ox
Mm<X§m+My3/ Fx(w) du~ 6z - fx(z)

xT

b
P@<X§®:/fﬂ@ﬂ
=Pla < X <b)since P(X =a)=P(X =b) =0.

\\ /be(:L‘)dac— Pla < X <)

fx
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Sofor S C R, P(X € S§) = [q fx(u)du. (S “nice” e.g. interval or countable union of
intervals)

Key takeaways:
e The CDF is a collection of probabilities
e The PDF is not a probability. We use them by integrating to get a probability.

Example 5.2 (Uniform Distribution)
Let X ~ Ula, b] where a,b € Rand a < b.

fxe(a) = {—“ ot

b
0 otherwise

Fx(z) = /x el

Tr—a
= fora <z <b.
b—a

Question
In what sense is this a “limit of discrete uniform RVs”?

Example 5.3 (Exponential Distribution)
Let X ~ Exp(\) where A > 0.

fx (@) = {Ae)‘x x>0

0 otherwise
It is easy to check that fx () is a pdf.

Fx(z)=P(X <)

—/ e M du

=1—e"

The exponential distribution is the “limit of (rescaled) geometric distribution”. It is a
good way to model arrival times, “how long to wait before something happens” - link
to Poisson usage which will be explored in Part II.

Claim 5.7 (Memoryless property)
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(Conditional P works as before). Let X ~ Exp(\) and s,t > 0.

PX>s+t]| X >s)=P(X >t).

Proof.

P(X >s+1)
P(X > s)
e~ A(s+t)

PX>s+t| X >s)=

T e s
Y

= P(X > t).
O

Note. The only continuous memoryless distribution (with a density) is the exponential
distribution.

§5.3 Expectation of Continuous RVs

Definition 5.5 (Expectation)
The expectation of X is [z fx () dz and E[g(X)] = [°% g(z)fx(x) dz.”

“Technical comment: assumes at most one of | i)oo |z| fx (z) dz and |, Ooo z fx (z) dz is infinite.

Claim 5.8 (Linearity of Expectation)
EAX + uY] = AE[X] + pE[Y].

Claim 5.9
If X >0thenE[X] = [[*P(X > z)dx.

Proof.
E[X] = /OOO zfx(x)dx

—/io (/:_ 1du>fx(m)dx

B =0 =0
u=0 T=u
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:/ duP(X > u)
u=0

O

“Consider the region of (u,x) space the second line integrates over and see this is the same as the
third line.

§5.4 Variance of Continuous RVs

Definition 5.6 (Variance)
Var(X) = E [(X — E[X])?] = E [X?] — (E[X])%

Claim 5.10
Var(aX + b) = a® Var(X).

Example 5.4 (Uniform Distribution)

Let X ~ Ula,b].
b 1
E|X]| = d
X= [ a—do
_a+tb
2
b 1
E[XQ]:/J?Q dx
a —a
1

Example 5.5 (Exponential Distribution)
Let X ~ Exp()).

E[X] :/ zhe ™ dx
0

_ {_xe)\x}zo_i_‘/ooo ef)\a: dx
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§5.5 Transformations of Continuous RVs

Goal:

e LetU ~ Unif[a, b] and U ~ Unif[0, 1]. We want to be able to write U = (b—a)U +a
and carry all calculations over.

e View g(X) as a continuous RV with its own density.

Theorem 5.1
e Let X be a continuous RV with density f.

e Letg: R — R be continuous s.t.

— g is either strictly increasing or strictly decreasing.

1

— g~ is differentiable.

Then g(X) is a continuous RV with density

fl@)=flg7H (@) |7=9" (2)

Remark 6.
e Density is? Something to integrate over to get a probability.
e Equation (2) is integration by substitution.

e The following proof uses CDFs (which are probabilities).
Proof. Assume g is strictly increasing, g strictly decreasing case is similar.

Fox) () = P(g(X) < z)

66



Sanity check: We've got two expressions for E[g(X)], [ zf(x) dz and [*_ g(z)f(x) dz.
(Assume Im(X) = Im(g(X)) = (—o0, 00)).

[ wf@r= " apte @) o @) d

o —00 dx

Substitute: g~ (z) = u so du = dv-L g (x).

~ [ gwswdu

Example 5.6 (Exponential Distribution)
o Let X ~ Exp(\) and Y = cX.

P(Yg@:[@(}(gi)

— 1 _e_AZ

— 1 — ¢~%% — CDF of Exp (A>
C

f <x> = lAe_’\x/C = ie_%x — PDF of Exp <A>
c c

C C

Definition 5.7 (The Normal Distribution)
The range is (—oo, o). It has two parameters: p € (—o00,00) and o2 € (0, c0).

F(@) = —— exp (— @ ‘“)2>

2ro 202
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Definition 5.8 (Standard Normal)
The standard normal distribution is Z ~ N (0,1)” where

fz(x) = \/12?6_122-

"Sometimes may be referred to as p(x).

Notation. ® denotes the CDF of Z.

Remark 7.

1 . " P 7”7
°* 5rlsa normalising constant” to ensure [ f(x)dz = 1.

e ¢ /2 has a very rapid decay as x — =oo, this helps ensure that the expected
value of g(/) is defined as [;* g() is finite.

o N(p,0?) used for modelling non-negative quantities, this is fine because if y is
large P(N (11, 0?) < 0) is very small.

Proof. Let us check that f7 is actually a density
I:/_Oo e 4y
Clever idea is to use I? instead
I? = /OO /OO e~ /26712 gy du
= //e_uz;v2 du dv

Polar coordinates: © = r cosf and v = rsin 6.

e’} 27
= / / re~"12 df dr
r=0J6=0
= 27?/ re /2 dr
r=0

= 2.

Claim 5.11
E[Z] =0.
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Proof. Clear by symmetry, density is symmetric about origin, and its expectation is
well-defined as tail decays rapidly. O

Claim 5.12
Var(Z) = 1.

Proof. STP: E[Z?] = 1.
E[Z?] = 1/ 22e 12 4y

1 o0
:—/ z-ze /2 dy
—Oo

e’ /2] 1 &9
e
T _ mw J—0o0

o0
]

§5.5.1 Studing A (i, 0?) via linear transformation

Claim 5.13 (Facts about X ~ N (u,0?))
1. X has the same distribution as 1 + 0Z where Z ~ N(0, 1).

g

2. X has CDF Fx(z) = ® (3%).

3. E[X] = p, Var(X) = o2.

Proof.

1. Letg(z) = p+ozs0 g () = =L
Then g(Z) has density
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3. Use part (i) to get

E[X]=E[u+oZ]
= p+oE[Z]
= p
Var(u 4+ 0Z) = 0 Var(Z)

= 0'2.

O

Remark 8. To calculate the cdf we only need to know ® so you would only need to print
out a table of values for .

Example 5.7
Let X ~ N (p,0?).

Special Case: a = ;1 — ko and b = ;1 + ko where k£ € N.
Then P(a < X <b) = &(k) — &(—k). “within k standard deviations of the mean”.

70



Definition 5.9 (Median)

Suppose that X is a continuous RV, the median of X is the number m s.t.

]P’(Xgm):IP’(XZm):%

[ @ do= [7 r@) do=3

In other words
Remark 9.

e For X ~ N (p,0?)and other distributions symmetric about their mean, the median
m = E[X].

e Sometimes | X — m| better than |X — p| for interpretation.
§5.6 More than one continuous RVs
Allow RVs to take values in R”.

Eg X =(Xy,...,X,) € R"aRV.

Definition 5.10 (Multivarite Density Function)
We say that X has multivariate density f : R — [0, c0) if

x1 Tn
P(X; <zp,...,X, <z, = / / flur, ... up) Hdui
Integrate over (—00,z1]X X (—00,Zn] le. dui...dun
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_/_z:o.../_I;f(ul,...,un)HdUz‘-

f is sometimes also called (especially for n = 2) a joint density function.

Consequence: This generalises: P ((X1,...,X,) € A) = [, f(u) du for all “measurable”
AecR™

Definition 5.11 (Independence)
We say that X1, ..., X,, are independent if Vzy, ..., z,,

P(Xl le,...,Xn §xn) :P(Xl Sl’l)P(Xn §$n)

Goal: convert to statement about densities

Definition 5.12 (Marginal Density)
Let X = (X1,...,X,) have density f. The marginal density fx, of Xj is

Ix;(x:) = /O:O"'/O:Of(ﬂflvma%)]l;[idxj

“The density of X; viewed as a RV by itself. We fix x; and let everything else vary.”

Theorem 5.2
Let X = (Xy,...,X,) has density f.

1. If X;,...,X, are independent with marginals fx,,..., fx,. Then
[, an) = fxy(21) - fx, (@)

2. Suppose that f factorises as f(x1,...,2,) = gi(x1)...gn(z,) for some non-
negative functions (g;). Then X3, ..., X,, are independent and marginal fx, o
9i-

Proof.

1. P(X) <zp,...,X, <x,) =P(X; <x1)...P(X, <zp)

[/_z fx (U1)du1] {/_m; an(un)dun}

matches definition of f
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2. Idea:

o replace gi(x) with hu(x) = 250

e compute integrals for P(X; < zi,...,X, < z,) and P(X; <
z1)...P(X, < x,) and show equality.

so h; is a density.

O

§5.7 Transformation of Multiple RVs

Example 5.8

Let X and Y be independent RVs with densities fx and fy respectively.
Goal: density of Z = X + Y.

PX+Y <z)= // fxy(z,y)dedy
{z+y<z}

:/:O /:x fx (@) fy (y) dz dy

=—o00 Jy=—o00

Substitute iy’ =y + x

= [~ ([ @t/ -m)dy) de

- /yz:oo dy </ﬂ:oo fx(@)fy(y — ) dx)

So the density of Z is:

2= [ frle-)fx(a)do
We call this function the convolution of fx and fy.

For X, Y discrete, non-negative and independent we would have

P(X +Y =k) :zk:lP’(X:E)IP’(Y:k:—E)
=0

Definition 5.13 (Gamma Distribution)
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The gamma distribution has two parameters A > 0 and n € N. Its range is [0, c0).
We say X ~ I'(n, ) and has density

Az, n— A"
fX(ﬁ) =e g X 1m

n =1 Exp())

n =2 \ge

Example 5.9 (Exponential Distribution)
Let X,Y ~ Exp(A\) bellDand Z = X + Y.

fz(z) = / AeAET2) N\ g

:/ e M dy
0

= \2ze M

So X +Y ~TI'(2,)) and in fact the sum of n IID Exp(\) has distribution I'(n, \).

Example 5.10 (Normal Distribution)

Let X1 ~ N (u1,0%), Xo ~ N (u2,03) be independent.

Then X+ X5 ~ N (1, +p2, 02 +03) (We already know what the mean and variance
of X1 + X» is, the interesting part is that it is normal).

We can prove this using convolution but we will prove it using generating functions
soon, Example 5.13.

Theorem 5.3

Let X = (X3,...,X,)beaRVonD € R", g : R" - R" well-behaved and U =
g9(X) = (U, ...,U,). Assume the joint density fx(x) is continuous.
Then the joint density

fulu) = fx (7" (w)) 7 (w)
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where J, the Jacobean, is

J = det (3[98;gU)]i>”

2,J=1
L 1

nXn matrix

“Proof”. Definition of multivariate integration by substitution.

Top tip: |Jacobean of g1

= TJacobean of g|*

Example 5.11 (Radial symmetry)

Let X, Y ~ N(0,1) be IID.
Let (X,Y) = (Rcos©, Rsin O).

—1

9
Range: R > 0,0 € [0, 27).

A

v
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fr(r)=e¢e"2r

Thus ©, R are independent and © is uniform on [0, 27).

Warning: Change of range.
Eg: X, Y >0.Z=X+Y.

fX,Z(‘T7 Z) :?(l’, Z)lsz

so X, Z are not independent even if 7 splits as a product.
Y Z

X X5

The support needs to be a rectangle as then the indicator function will split as a
product.

§5.8 Moment Generating Function

Definition 5.14 (Moment Generating Function)
Let X have density f. The MGF of X is

mx(0) = E[eex]

R’
= e’ f(x) dx
— 0o
whenever this is finite.

Note. mx(0) = 1.

Theorem 5.4

°This graphic doesn’t seem to render properly in edge.
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The MGF uniquely determines distribution of a RV whenever it exists V 6 € (—¢, ¢)
for some ¢ > 0.

Definition 5.15 (Moment)
The nth moment of X is E[X"].

Theorem 5.5

Suppose m(f) exists V 0 € (—¢,¢). Then m(™(0) = jg—"nm(ﬁ)‘ = E[X™].

o 601

Proof comment: Use %5 = el

Claim 5.14
Let Xi,..., X, beindependent and X = X; + --- + X,,. Then
max(6) = E[e’C0+0)
= E[e?X1].. . E[¢’*"] by independence

= mez(e)

Example 5.12 (Gamma Distribution)
Let X ~ I'(n, A).

Anxn—l
_ =Xz
Jx(@) = e m
0o )\nxn—l
_ Ox —Ax
m(6) —/0 e’’e =1y dx

Goal: Reduce to integral of pdf over range!

= /OO g~ (A—0)zpn—1 o a dz
0 (n—1)!

A\ [ gy o (A=)
_ (A=0),.n—1
<A9> /0 e Ty

pdf of T'(n,A—6)"
_ ﬁ) 0 <\
00 0> A
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So Exp()) has MGF 2. And we've proved that the sum of n IID Exp()) has distri-
bution I'(n, A).

“provided 6 < .

Example 5.13 (Normal Distribution)
Let X ~ N (u,0?).

2o

T — )2
fx(@) = —— exp <_(205>>
620
mx (0) = exp <9M + 2)

The proof is left as an exercise, try relating integral to integral of pdf of some normal
distribution.
Let X1 ~ N (u1,0%), Xo ~ N (ug,03) be independent. Then

6%0? 6203
mx,+x,(0) = exp (6% + 21> exp <9u2 - 22>
0* 5,
= exp | 0(p1 + p2) + 5(01 +03)

MGF of N (p1 +u2,a%+a%)

§5.9 Convergence of RVs

Definition 5.16 (Convergence in Distribution)

Let (X,,)n>1 and X be RVs. X, converges to X in distribution, X, 4, X, if Fx, (z) —
Fx () for all z € R which are continuity points of Fix.

Example 5.14
Let X,, = & Unif (1,...,n) and X ~ Unif[0, 1].
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Fx

0 L

Fx continuous, Fx,, — Fx(x) holds V x € [0, 1] by picture so X, 4 x.
Example 5.15

0 P=1

Xn = 1 ?

(0,1)

Fx (z) =

= NI N

T
T
T
Let X ~ Bern <

Fx(1) =1.

But F'x has a discontinuity at z = 1 s0 X, 4 Xx.

° 1

(L.e. deterministic convergence of a sequence of real numbers is an example of con-
vergence in distribution)

Claim 5.15
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If X is a constant ¢, then convergence in distribution is equivalent to: V ¢ > 0 :
P(|X,, — c| > €) = 0as n — oo. “convergence in probability to constant”.

Claim 5.16
If X is a continuous RV with X, % X then Pla < X,, <b) —» Pla < X <) forall

a,b € [—00,0].

Warning: Does not say that densities converge, e.g. in Example 5.14, X, does not have
a density.

§5.10 Laws of Large Numbers

Theorem 5.6 (Weak LLN)
Let (X,,)n>1 be IID with p = E[X;] finite. Set S;, = X1 +---+ X,, Vn > 0. Then

S.
Ve>0: P(‘n—u‘>s>—>0asn—>oo
n

Proof. (Assume Var(X;) = 0% < 00)

Sn
IP’(‘ —pt > 6) =P(|S, —nu| > en)
n
Var(S,
< 11;512 ) by Chebyshev’s Inequality
no?
= 5 5 — 0 asn — oo.
e2n
e > 0 is fixed we are not taking limit as ¢ — 0. O

?Also E [57"}

§5.11 Central Limit Theorem

Theorem 5.7 (Central Limit Theorem)
Let (X},)n>1 be ID with o = E[X;] finite and 0?2 < .%etS, =X+ +X, VYn>
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0. Then

Sn —np
2

i)/\/((),l)asn—)oo.
no

Discussion: Three stage summary
1. Distribution of S,, concentrated on n - we already know this from WLLN.
2. Fluctuations around nu have order /n - new and important
3. Shape is normal - detail.

We use CLT by

1. S, L N (np,no?)

2. ]P’(agsngb)—IP’(

Theorem 5.8 (Continuity Theorem for MGFs)
Let (X,,) and X have MGFs mx, and mx. If

e mx(0) <ooforf € (—¢,e).
o my,(0) > mx(0) VOs.t mx(f) < oo.

Then X, 4 x,

Proof. Part II Probability and Measure.

Idea: Expand mx (¢) as a Taylor series around 0.
m’x (0)
2!
1
=1+ 0E[X] + 50213[)(2] + 0(6?)

mx(0) =1+ m/x(0)0 + 0% + ...

Proof - WLLN via MGFs.
Comment: We know MGF of S,,, we want to study the MGF of S, /n.

mg, n(0) = E [exp (9%)]
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=E [eXp (anﬂ Key step.

=mg, (6/n)
=mx,(0/n)...mx,(6/n)

(et o))

— et

e is the MGF of the RV X = pwithP = 1,50 5 4 1 by the continuity theorem.
O

Proof - CLT via MGFs.
Assume WLOG g = 0 and 02 = 1. (so E[X?] = 1). In general X — )j;;‘

STP: S, /v/n <5 N(0,1).

¢?’/2 is the MGF of the N(0, 1). O

Theorem 5.9 (Strong LLN)
Let (X, )n>1 be lID with u = E[X] finiteand 0 < cc. Set S, = X1+---+X,, Vn >
0. Then

S,
P<n—>uasn—>oo):1.
n

“almost sure convergence” or “convergence with probability 1”.

82



§5.12 Inequalities for E[f(X)]

Motivation: For f(z) = 2% we know E[f(X)] > f(E[X]) as Var(X) > 0.

Question
What about general f?

Definition 5.17 (Convex Function)
A function f : R — R is convex if V z,y € Rand ¢ € [0, 1]

flx+ 1=ty <tf(x)+ (1 —1t)f(y).

S~ LHS

N
7

Aside: The region above f is convex in R?

Definition 5.18 (Stricly Convex Function)
A function f : R — R is stricly convexif V 2,y € Rand ¢ € (0, 1)

[tz + (1 =t)y) <tf(z)+ (1 -1)f(y).

Lemma 5.1 (Existence Of Subdifferential)
If f:R— RconvexthenVy dlinel(z)=mx + cs.t.

o [(x) < f(x) Vuz
e l(y) = f(y)

Warning: not yet claiming [ is a tangent.
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Proof. Convexity = V = < y < z insertpicture

fly) = f@) _ f(z) = fy)
y—z N =Y
Let M~ =sup — /@)
<y Y-
B>y z—y
M- <M*.
Any value m € [M~, M*] works as the gradient of [. O

Definition 5.19 (Concave Function)

f is concave iff —f is convex.

Claim 5.17
If f is twice differentiable:

fconvex < f"(z)>0 Vu.

Example 5.16
f(z) = % is convex on (0, o)

is concave on (—o0, 0).

Theorem 5.10 (Jensen’s Inequality)
Let X be a RV and f a convex function:

E[f(X)] = f(E[X]).

(reverse the inequality if f concave).

Proof. Sety = E[X] as in Existence Of Subdifferential, so 3 i(z) = mz + cs.t. [(y) =
f(y) = f(E[X]) and f > L.

E[f(X)] = E[l(X)]

E
E[mX + ¢
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=mE[X] + ¢
=my—+c
=1(y)

= f(E[X]).

Claim 5.18

If f is strictly convex then E[f(X)] = f(E[X]) iff X = E[X] with P = 1, i.e. constant
RV.

Informal comment: Jensen’s inequality is better than most other inequalities as many
can be derived from Jensen’s.

§5.13 Application to sequences

Definition 5.20 (AM - GM inequality)
Let zq,...,2, € (0,00).

G A oo @ "

Proof of n = 2.
0< (z—y)?
= 22 — 2z + o
= 2% + 22y + % — day
= (z+y)% —4zy

O

Proof. Let X be a RV taking values z1,. .., z, each with probability % Let f(z) =
— log x, which is convex by second derivative.
E[f(X)] > f(E[X]) by Jensen’s Inequality
_logle +...logxy, > _log (ajl T goc +a:n>

n n
T1+...Ty

log ((:L’l . mn)%) <log -
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log z and e” are increasing.

(IT=)

3=

<x1+---+xn.
o n

§5.14 Sampling a Continuous RV

Theorem 5.11
Let X be a continuous RV with CDF F. Then if U ~ U[0, 1], wehave Y = F~}(U) ~
X

“Remember that U is a RV and F is just a increasing function

Proof. Goal: Find CDF of Y.

rearrange within IP()

=PU < F(z))
= F(z)
CDFof Y =CDFof X,s0Y ~ X. O
§5.15 Rejection Sampling
Sampling uniformly on [0, 1]% is easy, we simply take (UM, ... U@) IID where U? ~
Ulo, 1].
Question

How do we sample uniformly on A? insertpicture

Goal:
—L - zeA
f(.%') _ ) area(A)
0 x ¢ A
~ area(A)

In higher dimensions, use volume(A)~1.
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Let Uy, Us, ... be IID uniform on [0, 1]¢ and let N = min{n : U, € A}.

Claim 5.19

Uy is uniform on A. (i.e. has density f)

Proof. Note P(N < oo) = 1 if area(A) > 0.

area(A)

n>1

=Y PU1¢A,...,Up-1 ¢ AUy, € B)

n>1

n>1
— Z(l — area(A))" ! area(B)
n>1
_ area(B)
1 — (1 —area(A))
e (B

area(A)’

Claim 5.20
Let X be a continuous RV on [0, 1] with bounded density fx.

Let A= {(z,y) : 2 € [0,1],y < fx(x)}, i.e. the green region.
Let U = (UM, U®) be uniform on A.
Then UM ~ X.
insertpicture
Proof.
P(U! <) = P(U € blue region)
= area({(z,y) : ¢ < u,y < fx(2)})
= /0 fx(z)dz
= Fx(u).

So the CDF of U®) is Fy.
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= Z P(U; ¢ A)"'P(U, € B) as U, are independent



Claim 5.21

Let X be a continuous RV on [—F, k]¢ with bounded density fx.
Let A= {(x,y) : x € [k, k]% y < fx(x)} € RIHL

Let U = (U,U™) be uniform on A.

ThenU ~ X.

§5.16 Multivariate Normal Distribution

Definition 5.21 (Gaussian RV)
ARV X is Gaussian if X ~ N (u,0?%).

"X is a one dimensional normal.
Recall if X, Y are independent Gaussians then b.X + cY is Gaussian, Example 5.13.

Question
Does there 3 joint RVs (X,Y) s.t. X,Y both Gaussian but X + Y is not?

Answer
Yes but the answer is annoying and doesn’t have any real physical interpretation.

Question
Can we have dependent X, Y s.t. bX + cY still holds?

Answer
Yes.

Definition 5.22 (Gaussian Random Vector)
A random vector (X,Y") is Gaussian if bX + ¢Y are a Gaussian RV V b, ¢ € R.

§5.16.1 Linear Algebra Rewrite

Definition 5.23 (Gaussian Random Vector)
Random vector X = (X1,...,X,) € R"is Gaussian if u” X is a Gaussian RV V u €
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R™,
Let y = E[X] € R™.

Definition 5.24 (Covariance Matrix)

The covariance matrix V is

V = (Cov(X;, X;))7,_, € R™™

o 1 [ Var(X) Cov(X,Y)
Forn =2:V = (COV(Y,X) Var(Y) )

Claim 5.22

The covariance matrix is symmetric.

Claim 5.23
If X is a Gaussian random vector then u? X ~ N (u” p, uT Vu).

Definition 5.25 (Moment Generating Function in R™)
Let X € R" be a RV. The MGF of X is

mx(u) =E {e"TX]

whenever this is finite.

Theorem 5.12

The MGF uniquely determines distribution of a RV whenever it exists V u € (—¢,¢)"
for some € > 0.

Claim 5.24
If X Gaussian mx (u) = m,rx(1) = exp (uT,u + %uTVu).

Logical overview: X € R" Gaussian.
e distribution defined by MGF

e MGF defined by ;rand V/
= distribution of X defined by pand V.
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Remark 10. Density is

1 1 1 T )
T) = = e ——(x — V(e —
x(2) = s O (g W V=)
Claim 5.25
Return to n = 2: For a Gaussian vector (Xi,X5) it is independent <=

Cov(X1,X2) =0. <= is false in general.

Why useful? Imagine X, X, describe real-world parameters, e.g. height vs 1 km rowing
time.

e Independence would be an interesting conclusion

e Cov can be sampled.

Proof. X = (Xi,X») is independent iff mx ((ui,u2)) splits as a product
ml(ul)mg(uQ).

exp (UTM) = exp(uyp1) exp(ugp2)
1 1 1
exp (2uTVu> = exp (22@0%) exp <2u%cr§> exp(ujug Cov(X1, X3))

Therefore splits iff Cov = 0. O

Motivation: Cov(100X;,X2) = 100 Cov(X7, X2), so “large covariance” doesn’t imply
“very dependent”.

Definition 5.26 (Correlation)

The correlation of X, Y is

Cov(X,Y)
Var(X) Var(Y)

Corr(X,Y) = € [-1,1].

Proposition 5.1
If (X,Y) Gaussian, then Y = aX + Z where Z is Gaussian and (X, Z) independent.

Proof. Define Z =Y — aX fora € R.

Claim 5.26
(X, Z) is Gaussian
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Proof.

X +usZ = w1 X + ug(Y — aX)
= (u1 — aug) X + uyY.

0

Goal: find a s.t. Cov(X,Z) = 0 Cov(X,Z) = Cov(X,Y — aX) = Cov(X,Y) —
Cov(X,Y)

a Var(X) so take a = V‘;r( Y Then Cov(X,Z) =0 = X, Z independent. O

§5.17 Bertrand’s Paradox

Example 5.17

Draw a chord at random.
What is the probability it has length < r?

1% interpretation: Let X ~ U|0, 7]

A

2 _ X2
Y C=0iT—X?
Let C = |AB|. Whatis P(C < r)?
C =2vr?2 - X2
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P(C<r)=P2Vr2—X2<r)
= P(4(r? — X?) < r?)
=P(4X?% > 3r%)
=P(X > /33/2)
V3
2
~ 0.134
Example 5.18 (cont.)
27 interpretation: Let 6 ~ [0, 27]
Let C = |AB|
If 0 € [0, 7]:
A
()
2
B
0
— 2rsin —
C = 2rsin 5
If 6 € [, 27]:
A
\ 2r — 6
B
C = 2rsin 2m =

7“81112
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5 =
0 1
— P(sin - < —
(sin 5 = 2)
7 T
=PO< -)+PO> =
0<D)+P0O2 )
!
6 6
_1
3
~ 0.333.
§5.18 Buffon’s Needle
Example 5.19
A
parallel lines at distance L apart I

needle length [ < L

Throw the needle at random. What is the probability it intersects at least one line?
6 ~ U[0,7], X ~ U0, L] indep.

It intersects a line iff X < [sin6.

Lepm | 21
. N < s _ Lot < _ 2
P(intersection) = P(X < Isin#) /0 /0 WLl(x_lsmH)dxdG 7
Sop= %
2l
— T = piL

Want to use this experiment to approximate w. Throw n needles indep. and let p,,
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be the proportion intersecting a line. Then p,, approximates p and so

2 :
7, = — L approximates 7
n

Suppose
P(|#t, — 7| < 0.001) > 0.99

How large should n be?

Example 5.20 (cont.)

Sy, = number of needles intersecting a line
Sp ~ Bin(n,p)

By the CLT, S,, ~ np+ /np(1 —p) - Z,Z ~ N(0,1)

. p(l—p
o pey[PL=D).

n

Define f(z) = 2t. Then f(p) = m and f'(p) = —7/p and 7, = f ().
By Taylor expansion, 7, = f(pn) ~ f(p) + (pn — p)f'(p)

(1-p 1—p
== ﬁ'n—ﬂ'%—z p
p

1-p
IP’<7r \Z| <0001> > 0.99
pn

We want

Have P(|Z| > 2.58) = 0.01 and 72 1 =P decreasing in p. Minimise 72 1 —2P by taking

=1L :p:%and
2
J<7f_1>
n \ 2

w2 (7 7
—\3~ 1)-2.58=0.001 = n=3.75x10
n

Taking
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